SECTION 15.8 Triple Integrals in Spherical Coordinates 1089

Figure 10 gives another look (this
time drawn by Maple) at the solid of
Example 4.

SOLUTION Notice that the sphere passes through the origin and has center (0, 0, %) We
write the equation of the sphere in spherical coordinates as

p> = pcos ¢ or p=cos¢

The equation of the cone can be written as

pcos ¢ = /p?sin2¢ cos20 + p?sin’¢ sin20 = psin P

This gives sin ¢ = cos ¢, or ¢ = /4. Therefore the description of the solid E in
spherical coordinates is

E={(p.0.4) | 0<0<2m 0<d=<m/4 0<p<cosd}

FIGURE 10
Figure 11 shows how E is swept out if we integrate first with respect to p, then ¢, and
then 6. The volume of E is
27 (‘mw/4 [cos
V(E) = W av = L jo/ [U ? p2sind dp dp db
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Visual 15.8 shows an animation 297 /s , 2m cos’d e T
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p varies from 0 to cos ¢ ¢ varies from 0 to /4 6 varies from 0 to 27r.

FIGURE 11 while ¢ and 6 are constant. while 6 is constant. |

15.8 EXERCISES
1-2 Plot the point whose spherical coordinates are given. Then 3-4 Change from rectangular to spherical coordinates.
find the rectangular coordinates of the point.

3. (a) (0, -2,0) ® (-1,1,-y2)
1. () (6, 7/3, 7/6) (b) (3, 7/2,3mw/4)
2. @) @ 7/2,7/2) (b) (4 —m/4,7/3) 4. @ (1.0.3) ® (V3. -1,2V3)
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1090 CHAPTER 15 Multiple Integrals

5-6 Describe in words the surface whose equation is given.

5 ¢ =m/3 6. p>’—3p+2=0

7-8 Identify the surface whose equation is given.

7. pcosp =1 8. p=cos ¢

9-10 Write the equation in spherical coordinates.
b) x* —y*—z=1
(b) z=x*—y?

9. (a) x> +y*+z2=9
10. (a) z = x> + y?

11-14 Sketch the solid described by the given inequalities.
0sop<m/6, 0sO<m
12. 1sps<2, @w/2sdsnm

M. ps=1,

13.2sps<4, 0s¢p=mn/3, 0sO<m
4. p<2, pscsco

15. A solid lies above the cone z = /x> + y? and below the
sphere x* + y* 4+ z* = z. Write a description of the solid in
terms of inequalities involving spherical coordinates.

16. (a) Find inequalities that describe a hollow ball with diameter
30 cm and thickness 0.5 cm. Explain how you have posi-
tioned the coordinate system that you have chosen.

(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

17-18 Sketch the solid whose volume is given by the integral
and evaluate the integral.

17. J:/é fn”” ﬁf p?sin & dp df dob

18. J‘W 71" b2 sing dp db do

0

19-20 Set up the triple integral of an arbitrary continuous function
f(x,y, z) in cylindrical or spherical coordinates over the solid
shown.

19. z

21-34 Use spherical coordinates.

21. Evaluate [[[, (x* + y* + z%)*dV, where B is the ball with

center the origin and radius 5.

22. Evaluate [[[, y*2* dV, where E lies above the cone ¢ = /3
and below the sphere p = 1.

23. Evaluate [[[, (x> + y*) dV, where E lies between the spheres
X+ y?+z2=4dandx*+ y*+ 22 =09.
24. Evaluate [[[, y>dV, where E is the solid hemisphere

XXy +22<9,y=0.
25. Evaluate [[[, xe*" """ dV, where E is the portion of the unit

ball x> + y? + z? < 1 that lies in the first octant.
26. Evaluate [[f, v/x2 + y2 + z2 dV, where E lies above the cone

z = 4/x2 + y? and between the spheres x> + y? + z*> = 1 and
x>+ yr+z2=4.

27. Find the volume of the part of the ball p < a that lies between
the cones ¢ = /6 and b = /3.

28. Find the average distance from a point in a ball of radius a to
its center.

29. (a) Find the volume of the solid that lies above the cone
¢ = /3 and below the sphere p = 4 cos ¢.
(b) Find the centroid of the solid in part (a).

30. Find the volume of the solid that lies within the sphere
x? + y* + z> = 4, above the xy-plane, and below the cone

z=/x*+ y%.

31. (a) Find the centroid of the solid in Example 4. (Assume con-
stant density K.)
(b) Find the moment of inertia about the z-axis for this solid.

32. Let H be a solid hemisphere of radius @ whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of H.
(b) Find the center of mass of H.
(c) Find the moment of inertia of H about its axis.

33. (a) Find the centroid of a solid homogeneous hemisphere of
radius a.
(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.

34. Find the mass and center of mass of a solid hemisphere of
radius « if the density at any point is proportional to its
distance from the base.

35-40 Use cylindrical or spherical coordinates, whichever seems
more appropriate.

35. Find the volume and centroid of the solid E that lies above the
cone z = +/x2 + y? and below the sphere x* + y? + z2 = 1.

36. Find the volume of the smaller wedge cut from a sphere of
radius a by two planes that intersect along a diameter at an
angle of /6.

37. A solid cylinder with constant density has base radius a and
height A.
(a) Find the moment of inertia of the cylinder about its axis.
(b) Find the moment of inertia of the cylinder about a diameter
of its base.
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38. A solid right circular cone with constant density has base
radius a and height A.
(a) Find the moment of inertia of the cone about its axis.
(b) Find the moment of inertia of the cone about a diameter
of its base.

[ 39. Evaluate [[[, z dV, where E lies above the paraboloid

z = x? + y*and below the plane z = 2y. Use either the
Table of Integrals (on Reference Pages 6—10) or a computer
algebra system to evaluate the integral.

[79 40. (a) Find the volume enclosed by the torus p = sin ¢.
(b) Use a computer to draw the torus.

41-43 Evaluate the integral by changing to spherical
coordinates.

41. l: fﬁ JVW xy dz dy dx

42,

[ j ﬁfvn; (x’z + yz + 2%) dzdx dy
o)y )y

43, Ifz j\/t: H\LX:?};E (x2 + y2 + 292 dz dy dx

VA= - Ja=a—y2

44. A model for the density  of the earth’s atmosphere near its
surface is

8 = 619.09 — 0.000097p

where p (the distance from the center of the earth) is mea-
sured in meters and 8 is measured in kilograms per cubic
meter. If we take the surface of the earth to be a sphere with
radius 6370 km, then this model is a reasonable one for
6.370 X 10° < p =< 6.375 X 10° Use this model to esti-
mate the mass of the atmosphere between the ground and an
altitude of 5 km.

{1 45. Use a graphing device to draw a silo consisting of a cylinder
with radius 3 and height 10 surmounted by a hemisphere.

46. The latitude and longitude of a point P in the Northern
Hemisphere are related to spherical coordinates p, 6, ¢ as
follows. We take the origin to be the center of the earth
and the positive z-axis to pass through the North Pole. The
positive x-axis passes through the point where the prime
meridian (the meridian through Greenwich, England) inter-
sects the equator. Then the latitude of P is a = 90° — ¢°
and the longitude is B = 360° — 0°. Find the great-circle
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distance from Los Angeles (lat. 34.06° N, long. 118.25° W)
to Montréal (lat. 45.50° N, long. 73.60° W). Take the radius
of the earth to be 3960 mi. (A great circle is the circle of
intersection of a sphere and a plane through the center of
the sphere.)

[E3 47. The surfacesp = 1 + % sin m0 sin n¢ have been used as

models for tumors. The “bumpy sphere” with m = 6 and
n =5 is shown. Use a computer algebra system to find the
volume it encloses.

48. Show that

f Jj [j JxP+y2 4 22 e D gy dy dz = 27
(The improper triple integral is defined as the limit of a
triple integral over a solid sphere as the radius of the sphere
increases indefinitely.)

49. (a) Use cylindrical coordinates to show that the volume of
the solid bounded above by the sphere 7> + z* = a” and
below by the cone z = rcot ¢ (or ¢ = ¢), where
0< o< m/2,is

2ma’
V= — (1 = cosdy)

(b) Deduce that the volume of the spherical wedge given by
PLsSpsps SO0y dr<sP<dis

ps — pi

AV = f(cos ¢ — cos d1)(0, — 61)

(¢) Use the Mean Value Theorem to show that the volume
in part (b) can be written as
AV = p?sin ¢ Ap AO Ad

where p lies between p; and p», ¢ lies between ¢ and
b2, Ap=pr — p1, A0 =0, — 0, and Adp = ¢, — 1.
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